Accurate mass determinations for Cepheids may be used to determine the degree of excess mixing in the interiors of their main-sequence progenitors : the larger the excess mixing, the larger the luminosity of the Cepheid of a given mass, or the smaller the mass of a Cepheid with given luminosity. Dynamical masses determined recently for a few Cepheid binaries indicate excess mixing somewhat stronger than that corresponding to the convective overshoot models by Schaller et al. Beat Cepheids can be used similarly to test main-sequence mixing in stellar interiors. The period ratios for beat Cepheids depend on luminosity, heavy element abundance, and mass. By comparing pulsational models and the obser-T eff , vationally derived luminosity, metallicities, and period ratios it is possible to obtain masses for these T eff , stars, the so-called beat masses. With the old opacities masses much smaller than the evolutionary masses were obtained. With the new OPAL opacities a beat mass close to the dynamical mass was obtained for the binary beat Cepheid Y Carinae, showing that it is now possible to obtain reliable beat masses. In this paper, we determine beat masses for seven Galactic beat Cepheids for which photometric and spectroscopic data are available. We Ðnd an average mass around 4.2^0.3 for these stars, M _ though the actual error limits for each star may be larger mainly because of uncertainties in E(B[V ) and the heavy element abundances. (As derived spectroscopically, beat Cepheids are in general metalpoor, with
INTRODUCTION
Cepheid variables have been used for many years as astronomical tools to measure distances. They form an important step in the extragalactic distance ladder (see Feast & Walker 1987 and Feast 1999 for reviews). They also play an important role in furthering our understanding of stellar evolution and pulsations (e.g., for instance Bo hm-1992) . Vitense
Most Cepheids pulsate in a single modeÈthe fundamental modeÈwhich can yield information about their mean density via the Ritter relation, i.e., period P o1@2. However, some Cepheids pulsate in more than one mode. These are called double-mode or beat Cepheids. Their period ratios can be measured very accurately and depend on their masses, luminosities, and the abundances of the heavy T eff , elements. With the luminosities known from the periodluminosity relation, derived from colors, and T eff (B[V ) 0 element abundances known from spectrum analysis, the socalled beat masses can be determined from the period ratios. These beat masses can be compared with the so-called evolutionary masses, derived from the comparison of observed luminosities and those obtained from stellar evolution theory. For many years, there was a discrepancy between the beat masses (1È3 and the evolutionary M _ ) masses (D4È7 Simon (1982) suggested that this M _ ). problem could be resolved if, for temperatures around 105 K, stellar opacities for the heavy elements were increased by a factor of 2È3 over the Cox & Tabor (1976) opacities. Andreasen (1988) conÐrmed SimonÏs result. New opacities, the OPAL opacities derived by Iglesias & Rogers (1996) , are indeed higher by the required amount. For stellar models calculated with these new opacities, beat Cepheid masses agree approximately with evolutionary masses (Moskalik, Buchler, & Marom 1992) . It therefore appears that the new beat masses are indeed the correct masses for these Cepheids. This conclusion is supported by the study of et al. (1997) , who determined the dynamical Bo hm-Vitense mass for the binary beat Cepheid Y Car and found agreement with its beat mass.
The luminosity for a Cepheid with a given mass depends on the degree of mixing in the interior of its main-sequence progenitor : the larger the degree of mixing, the larger the luminosity. This means that for a given luminosity, as determined from the period-luminosity relation, a Cepheid has a smaller mass for a larger degree of mixing in its mainsequence progenitor. The empirical determination of the Cepheid masses therefore o †ers the opportunity to determine the degree of mixing in massive main-sequence stars.
For a few Cepheid binaries with blue main-sequence companions, dynamical masses of Cepheids can be determined (see, for instance, et al. 1998 and referBo hm-Vitense ences therein). The beat Cepheids now o †er another possibility to determine additional empirical Cepheid masses and thereby get additional information about the degree of interior mixing for main-sequence stars of di †er-ent masses.
In this paper, we are concerned only with beat Cepheids within our Galaxy for which heavy element abundances and have been determined. D. Welch has compiled a list T eff of 17 Milky Way beat Cepheids.2 Two additional stars may be beat Cepheids as well. It is likely that more of these stars exist but have not yet been discovered. These stars typically pulsate in the fundamental (F) and Ðrst-overtone (1H) modes with periods and respectively. There is only P 0 P 1 , one Galactic beat Cepheid, CO Aur, that pulsates in the Ðrst-and second-overtone modes . We study seven of the Galactic beat Cepheids whose photometry is available in the literature.
The Large Magellanic Cloud contains a large number of beat Cepheids. The MACHO microlensing collaboration (Alcock et al. 1995 ; Welch et al. 1997) reported the discovery of 76 beat Cepheids. These contain a much larger fraction of 1H/2H pulsators compared with the Milky Way. The EROS microlensing survey (Beaulieu et al. 1997 ) has discovered 11 beat Cepheids in the Small Magellanic Cloud so far, of which seven are pulsating in the 1H/2H mode, while four pulsate in the F/1H mode. These stars have, however, lower than solar heavy element abundances that are not well known at present. Their are also not yet T eff s well known, mainly because of uncertain interstellar reddening corrections. We therefore restrict our studies here to the Galactic Cepheids.
MASS DETERMINATION FOR BEAT CEPHEIDS
Period ratios of beat Cepheids can be measured to very high accuracies and depend sensitively on the masses of the Cepheids. "" Beat masses ÏÏ can therefore most easily be deter-ÈÈÈÈÈÈÈÈÈÈÈÈÈÈÈ 2 Available at : http ://physun.physics.mcmaster.ca/Cepheid/BeatCepheid.html. mined using the Petersen diagram (Petersen 1973) , in which, for a given luminosity, the period ratios for the 1H/F P 1 /P 0 mode pulsators are plotted as a function of for stars log P 0 with di †erent and di †erent stellar masses. Theoretical T eff periods and period ratios have been calculated, for instance, by Christensen-Dalsgaard & Petersen (1995) and most recently by Morgan & Welch (1997) , who calculated periods and period ratios for di †erent heavy element abundances and di †erent stellar masses using OPAL opacities. Here we make extensive use of calculations by one of us (S. M.). Di †erent models are well separated in the Petersen diagram. The luminosities of the beat Cepheids are known from the period-luminosity relation. With and heavy T eff element abundances known from photometry and spectroscopic analyses and with the observed period ratios of the beat Cepheids, we look in the Petersen diagrams for the best-Ðtting beat masses.
The Galactic beat Cepheids appear to have a range in metallicity that may extend from about solar to [Fe/H] D [0.4, hence we also explore the metallicity parameter space when searching for the best-Ðtting model. As beat Cepheids are among the lowest-period Cepheids, their masses are expected to be near the low end of the Cepheid mass range, i.e., around 4È6 M _ . The Petersen diagram has been successfully used to obtain the mass of the solar metallicity binary beat Cepheid Y Car et al. 1997) . Its dynamical mass was (Bo hm-Vitense found to be 3.8^1 which agrees well with its beat M _ , mass of 3.8 M _ .
EFFECTIVE TEMPERATURES, LUMINOSITIES, AND METALLICITIES
In this paper, we have studied seven Galactic beat Cepheids for which sufficient data are available in the literature with respect to photometry, reddenings, and metallicities. Data for the beat Cepheids used here are listed in Table 1 , along with the sources of the data. From left to right the columns are : star name, fundamental period, P 0 , in days ; Ðrst-overtone period, in days ;
(K) ; the photometric temperature corre-T spec sponding to the phase of spectral observations, and Balona (1985) . b Data for TU Cas is from Berdnikov (1992) . c Andrievsky et al. (1993) . d Andrievsky et al. (1994) . e Data for VX Pup & BQ Ser are from Mo †ett & Barnes (1984) , while data for the rest stars are from Pel (1976) .
The pulsation period data are from Balona (1985) . have evaluated and reanalyzed available photometric data to obtain the two periods and the harmonics that may exist. They Ðnd that periods determined earlier (e.g., Balona 1985) are in good agreement with their reanalysis.
The photometric data for TU Cas are from Berdnikov (1992) . For VX Pup and BQ Ser the data are from Mo †ett & Barnes (1984) and is in the Johnson system. For the rest of the stars, Walraven photometry of Pel (1976) (B W ,V W ) was used. Standard conversions to the Johnson system were used to obtain B, V magnitudes (Pel, Trefzger, & Blaauw 1988) . These are
The photometric data are used to compute average B and V magnitudes, SBT and SV T, over the fundamental period of the Cepheid, and these are also listed in Table 1 . For AX Vel, however, the Pel (1976) data correspond to that of the Ðrst overtone, because only in this star is the amplitude of the fundamental frequency smaller than that of the Ðrst overtone . The error in average temperature due to using this data set is about 150È200 K, which is within our error bars as given below. The SBT[SV T colors were corrected for reddening by subtracting the E(B[V ) values from them. For TU Cas we have used the reddening value given in Andrievsky et al. (1993) and for BQ Ser the reddening given in Balona & Engelbrecht (1985) was used. We have taken reddening values from Balona & Stobie (1979) for the remaining Ðve stars. The error in reddening is about 0.05.
We used Kurucz (1979) ATLAS6 models to derive e †ec-tive temperatures from the reddening corrected color, These temperatures are listed in Table 1 The spectroscopically determined temperatures, are T spec , listed in Table 1 for completeness sake, as they only represent the phase at the time of observation, not an average over the period. For TU Cas, is from Andrievsky et al. T spec (1993), and for VX Pup and BQ Ser, is taken from T spec Andrievsky et al. (1994) . The rest of the spectroscopic temperatures are from Barrell (1982) . Photometric temperatures, corresponding to the phase of observation T phvsp , are listed in Table 1 . They are in reasonable agreement with the spectroscopic ones for most of the stars.
The metallicity of TU Cas is obtained from the spectroscopic work of Andrievsky et al. (1993) , while that of VX Pup and BQ Ser is from Andrievsky et al. (1994) . For the rest of the stars, metallicities are from the spectral observations of Barrell (1982) . However, the metallicities given in the table are from a reanalysis of BarrellÏs work by Andrievsky et al. (1993) , using the WIDTH6 program. Metallicities for beat Cepheids tend to be less than solar, as shown in Table 1 . (From stellar evolutionary models, it appears that mainly for lower metallicities do the blue loops extend to high enough to reach into the domain of the T eff beat Cepheids).
Using period-luminosity-color relations, the luminosities of beat Cepheids can be determined. We used the Schmidt (1984 
Although newer P-L -C relations have been derived from Hipparcos Cepheid parallaxes (Feast & Catchpole 1997) , there is still no clear consensus as to which of the new relations is the correct one to use. The reddening data and bolometric corrections (Kurucz 1979 ) that we use have errors which are large enough that the errors in the derived luminosities are comparable to the di †erences in luminosities derived from various P-L -C relations. Hence, we feel that the Schmidt relation is sufficiently accurate for our purposes. The luminosities we obtain are given in column (8) of derive the color from the literature and the SBT 0 [SV T 0 DDO database. Since it is not clear which temperatures are the correct ones to use, we have used both to derive stellar parameters for these three stars.
DERIVING STELLAR PARAMETERS FROM THE PETERSEN DIAGRAM
The Cepheid models used in this paper are computed with the code described in Morgan & Welch (1997) . OPAL opacities are used in the model calculations. Models were initially computed for Ðve di †erent metallicities, namely, for Z \ 0.01, 0.0125, 0.015, 0.0175, and 0.02, where Z is the mass fraction of heavy elements. E †ective temperatures for the models range from 5600 to 6600 K. Luminosities are in the range A representative set of 2.6 ¹ log (L /L _ ) ¹ 3.3. models are shown in the Petersen diagram in Figure 1 for a metallicity of Z \ 0.015. Lines join models with the same luminosity and mass, both values of which are given next to the curves. Open symbols are for a mass of 3.5 while M _ , Ðlled symbols are for 4.5 models. Curves for lumi-M _ nosities of 3.0, and 3.2 are shown. E †ective log L /L _ \ 2.8, temperature for the models increases from 5600 to 6600 K in steps of 100 K from right to left, with some values marked on the 3.5 curve. It can be seen that log L /L _ \ 3.2, M _ luminosity increases diagonally toward the bottom right. Models of lower mass have smaller period ratios and larger fundamental periods for at constant lumilog P 0 [ 0.4 nosity. For period ratios are similar, while for log P 0 [ 0.4, a given luminosity periods are larger, as mass decreases.
In Figure 2 we show where models for 3.5 stars with M _ di †erent metallicities (Z \ 0.015, 0.0125) and luminosity lie in the Petersen diagram. Models of the same e †ective temperature and luminosity have lower period ratios as metallicity increases, while the fundamental period remains approximately the same.
The beat Cepheids are compared with models in the Petersen diagram in Figure 3 and open M _ , symbols correspond to 4.5 Squares, triangles, and diamonds corre-M _ . spond to 3.0, and 3.2, respectively. E †ective temperatures log (L /L _ ) \ 2.8, run from 5600È6600 K in steps of 100 K from right to left, and a few of the temperatures are marked on the log L \ 3.2, M \ 3.5 curve.
FIG. 2.ÈPetersen Diagram for Cepheid models with
The M _ . lines join models with the same luminosity and metallicity, both of whose values are given next to each curve. Open symbols are for Z \ 0.0125, and solid symbols correspond to Z \ 0.015. Squares, triangles, and diamonds correspond to 3.0, and 3.2. E †ective temperatures run log (L /L _ ) \ 2.8, from 5600È6600 K in steps of 100 K from right to left for each curve. One can note that at a given e †ective temperature, mass, and luminosity, a decrease in metallicity corresponds to a increase in the period ratio, P 1 /P 0 .
nosity, temperature, and metallicity) to produce models with the observed period and period ratios of a given beat Cepheid, certain of these parameters must be initially set to either well-observed values or constrained to a limited range of values. The e †ective temperature was constrained to within^200 K of the literature based values given in Table 2 , though for some stars, the DDO values were also used. The luminosities were initially set to the Schmidt values given in Table 2 , but were later allowed to vary slightly, generally less than 0.05. Initial values for mass and metallicity were obtained from the series of models described above. These values were then adjusted gradually to produce models with the correct period and period ratios. In general, there is not a great deal of Ñexibility in the metallicity values, typically only variations of 0.0025 or less produce models with the appropriate period and period ratios, regardless of the other parameters within their uncertainty range. This strong dependence on the metallicity value tends to constrain it as well, leaving the mass as the only unknown. If for given values of and there log L /L _ T eff are no models that produce the correct period and period ratio, regardless of the values of mass and metallicity, we search for values of and within the given error T eff log L /L _ limits. Those with the smallest di †erences from the predetermined values are taken as the best-Ðt values for the period and period ratio. If there is a range of values for the and T eff for which the observed period and period ratio log L /L _ can be obtained, then this can produce some uncertainty in the value for the mass. In the case of a typical beat Cepheid whose and K, and period and log (L /L _ ) \ 3.0 T eff D 6200 metallicity are Ðxed, a change of K corresponds
If the period, temperature, and M _ . metallicity values are kept Ðxed, then a change of 0.01 results in Figure 3 and Table 3 list the best-Ðt stellar parameters. Table 3 Ðtting values as well. The masses of the best-Ðt models seem to be conÐned to a narrow range of 4. 2^0.35 and are M _ at the lower end of the Cepheid mass range, as expected.
It can be seen that AP VelÏs best-Ðt e †ective temperatures and metallicities are almost identical, but since luminosity di †ers by 0.035 dex, the resulting mass changes by about 10%. In the case of AX Vel and GZ Car, there is also a di †erence of about 10% in the derived masses, although e †ective temperatures di †er by about 500 K, and luminosities and metallicities vary by 25%È40%. It appears that the Ðnal masses are uncertain by about 10%.
The period ratios seem to require metallicities around [Fe/H] D [0.11 to achieve the best Ðt. These abundances are systematically higher than those determined spectroscopically but are within the error bars. Spectroscopic abundances would yield not as good a Ðt for the same e †ective temperature and luminosity. As the resolution of models in the Petersen diagram is large, metallicity is constrained to a much smaller range than is possible to measure from spectra. Hence, the metallicities determined here should be quite accurate, provided the theoretical opacities and models are sufficiently accurate. If so, the Peter- Bressan, et al. 1993 , w/ overshoot Bressan, et al. 1993 , with classical mixing Schaller, et al. 1992 sen diagram will be an extremely useful tool for determining metallicities, for instance, of the Magellanic Cloud beat Cepheids.
BEAT CEPHEIDS IN THE H-R DIAGRAM
In the H-R diagram, Cepheids are expected to be found mostly at the hot end of the blue loops where evolution proceeds more slowly than during the rest of the loop (see, for instance, et al. 1997) . The extent of blue Bo hm-Vitense loops increases for lower metallicities and decreases for increasing convective overshoot. As mentioned in the introduction, convective overshoot a †ects the luminosity of the blue loops for a given mass : the greater the extent of mixing in the interiors of the main-sequence progenitors the larger the increase in luminosity of the Cepheids. Hence, a good mass determination for the Cepheids determines the degree of mixing in the interiors of massive main-sequence stars. Figure 4 shows the Hertzsprung-Russell diagram for the double-mode Cepheids, along with stellar evolutionary tracks for di †erent masses and di †erent assumptions about convective overshoot mixing, as well as di †erent metallicities. best-Ðtting e †ective temperatures and luminosities for the beat Cepheids are plotted, with the stars shown as solid dots in all panels. The stars are labelled in the middle panel. For AP Vel, AX Vel, and GZ Car we have plotted the lower DDO luminosities. In the top panel, solar metallicity tracks for 4 and 5 stars from Bressan et al. (1993) for M _ classical mixing (dotted lines) are shown and also for models with di †erent degrees of convective overshoot. For the Schaller et al. (1992) models (dashed lines) convective core overshoot distance was derived assuming a ratio of mixing length to pressure scale height of 0.4 for the convective core. For the Bressan et al. (1993) overshoot models (solid lines) a ratio of mixing length to pressure scale height of 0.5 was assumed to derive the overshoot distance. It can be seen that Galactic beat Cepheids are hotter and brighter than the solar metallicity tracks due to their lower metallicities.
The middle panel of Figure 4 contains 4 and 5 tracks M _ with convective overshoot for solar and LMC metallicities (dotted and solid lines, respectively, from Bressan et al. 1993 ). This panel shows that for the 4 stars, the blue loops for M _ metal-poor stars span a luminosity range of * log L D 0.2. We may expect a similar spread in the observed luminosities for Cepheids with a given mass, as may be obvious from Table 3 . However, the masses that we determine have Bressan et al. (1993) overshoot models for metallicities of Z \ 0.008, 0.02, in solid and dotted lines, respectively. Convective overshoot in the top two panels is about 0.25 pressure scale height. It seems that the beat Cepheids tend to lie near the blue end of the blue loops. If convective overshoot is increased for lower metallicity models, better agreement will result between pulsational and evolutionary masses. This is shown in panel (c), where the solar metallicity evolutionary tracks of Bertelli et al. (1986) for an convective overshoot distance of half a pressure scale height are plotted. For these models, the positions of the beat Cepheids with an average mass of 4.2
Ðt on the M _ extended loop for the 4 stars. Please refer to the text for more details. M _
